DECAY AT INFINITY OF SOLUTIONS TO HIGHER ORDER
PARTIAL DIFFERENTIAL EQUATIONS: REMOVAL OF
THE CURVATURE ASSUMPTION

BY
WALTER LITTMAN

ABSTRCT

In an earlier paper a generalization of Rellich’s theorem on the Helmholz
equation was obtained for a large class of higher order equations P(1/ip/ox)u=f,
subject to the condition that the Gaussian curvature of P(£) = 0 never vanish.
This restriction is removed in this note.

For a complex function u(x) defined in RY, set D = —idjox,

fulp = [ Juefax.
<|x]<2R

Then the main goal of this note may be stated as follows:

TueoreM. Let P(£,,&,,-+-,Ey) be a polynomial with real coefficients each
of whose (complex) irreducible factors P{&) has an N—1 dimensional real
solution set S; on which grad P({) # 0. Suppose P(D)u = f, f has compact
support, and ” u ”R = o(R*) as R approaches infinity; then u has compact support.

Note. The gradient may be allowed to vanish at isolated points on the S
(cf. [3], Section 8.)

In an earlier version of the theorem, proved in [3], it was necessary to assume
in addition that the Gaussian curvature of the S; did not vanish. The main point
of the present note is the removal of this restriction,
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Let us remark that an analogous theorcm for systems follows from the theo-
rem stated above for a single equation.

Originally we had a different proof of the theorem stated above, which was
more differential geometric in nature. However, we have since noticed that the
methods of Peetre [4], where his theory of interpolation spaces is used to estimate
the fundamental solution of elliptic equations, can be combined very efficiently
with our proof in {3] to give a neater proof of the theorem. This is the proof
presented here,

Apart from the definition of ” ]| r introduced earlier, we need some additional
notation. We let H, = H(R") be the usual Sobolev spaces (s real) with norms
] \s, defined as usual by means of Fourier transforms. We shall also need a
number of other spaces. H¥'® is the space of functions u belonging to I*(RY)
and satisfying |u(x + h) — u(x)]p < € |k |*, and the space H~* ( =(A—1)*H*)
of sums of functions and first derivatives of functions in H** . Alternately, f
belongs to H " #if and only if K(t,f) < Ct*, (0 <t £ 1), where K(t,f) is defi-
ned as the infimum of the quantity |g|_; +¢[h],, the infimum being taken
over all decompositions f = g+ h.

Note. For the relevant information on the spaces introduced above the reader
may refer to example to [1] (especially section 4.3), or to the original papers
of Peetre and Lions referred to there and in [4].

LEMMA 1. Suppose u and v are infinitely differentiable functions satisfying
fu|z = o(R?), | D'v|gr = O(R?) for | J| < m, as R approaches infinity, m
being the degree of P(&); then

(P(D)v,u) = (v, P(D)u)
provided both sides exist as finite I? inner products.

Proor. Let y(f) be an infinitely differentiable function of a single variable
equaling one for t<1/3 and zero for t>2/3. Set ¢(x) = v(x)y,(x), where
W(x) = Y(rfh), r = |x| Setting P(D) = L, we have

Ly = Lv -y, + X a,D’'v- DYy,

where I, J are multi-indices, and where the summation is extended for IJ l <m
lI| >0, ‘I‘ + !J| < m. It follows that
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L(¢p) — L(v) = Lv- (Y, — 1) + X a,D’v- Dy,
(L(¢p — v),u) = (W, — DLv,u) + X a(D’v- D'y, u).
Now since D'y, = O(h~!"l),
(D’v- DY, u) = O(h) - O(h™ M1y - o(h?) = o(1)  ash — o,
since |I| >0 in the above summation. It follows that

(L¢,u) — (Lo,u) >0 as b — o0.
But

(Lo, u) = (v, Lu) - (v,Lu) as h — o0,

which yields the conclusion of the lemma.

Let us note that the cut-off function i, used here us similar to the one used
by Grusin [2].

Denoting the Fourier transform of a function (or tempered distribution) o
by 6, we state

LemMa 2.¥* pe H 2% = n UHR = O(RY); and, if in addition 6 has compact

support, | D'v HR = O(R?) for any fixed multi-index J, as R - oo.

ProOF. We shall not prove the estimate for D’v, since it is an immediate
consequence of the estimate for v. If

K(t,f) = infimum(| g|-, + t| ko)
f=g+th
then 6 belongs to H™*'* if and only if K(t,f) £ Ct* (0 <t £ 1); hence for each
0<t=R-*=Z1 there exists a decomposition & = 6_, + b, such that
R¥(|6_; |-, + R_1|5o|o) = C.

On the other hand, for any real s,

ol s ™[ a4 3Pyl as) s crlol,
and thus
[ole s fo-sla+ oo [x < CR[5-1[-1 +[80]0) = ORY.

LeMMA 3. Let S be an infinitely differentiable N — 1 surface embedded
smoothly in R™, and let « = a(¢) be a C® function defined on S having compact
support there; then the distribution u (having compact support) defined by

* The proofs of lemmas 2 and 4 are essentially contained in Peetre [4). However since these
lemmas are not stated explicitly there, and as a convenience to the reader, we present them here.
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{o,u> = L S¢(€)a(§)d5‘g

belongs to H %,

Proor. It suffices to prove this lemma for pu with sufficiently small support
(since we can always decompose y into a finite sum of such, using a partition of
unity). Hence we may assume that the support of u is contained in a local coor-
dinate system in which the first coordinate vanishes on S. Since H % is in-
variant under smooth changes of coordinates, it suffices to show that 3(¢,)¢(&")
belongs to H™ %, where ¢ €2, and where & = (&,,--,€y). Denoting by f
the Heaviside step function, this is implied by the statement B(&,)¢(&")
e HE:®(R™). The latter inclusion follows from the fact that we H¥"® is equiva-

lent to weI? and |w( + h) — w(&)| 2 £ C|h|*, which is easily checked for the
particular function in question.

COROLLARY 1. The function v(x) defined by the formula

v(x)

i

f e*a(£)ds P
teS

satisfies the estimate H D'v ”R = O(RY), for any fixed multi-index J.
If the function f is smooth in the complement of the smooth surface S, and
has a Cauchy type singularity on S, we may define a distribution P.V. f by

PV.f,¢) =P.V. J f(De() dg,

where by ““P.V.”” is meant the Cauchy principal value of the integral. Such inte-
grals are discussed in [3].

LemMa 4. Let y(E)eD. Then the distribution (with compact support)

(&)
P.V. TR

where P(£) is the polynomial of the theorem, belongs to H *'® .

Proor. The proof of this lemma can be reduced to that of the previous lemma_
as is done in a somewhat analogous situation in [3], or can be done directly
as in Lemma 3 (cf. Peetre [4]), relying ultimately on the fact that in one dimension
the distribution P.V. 1/¢ is the derivative of the function loglél; and on the
convergence of the improper integral | [Iog [1 + ¢ ‘II |2d¢, integrated over R!.
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COROLLARY 2. Suppose W(&)e 2. Then the function

- e W(S)
o(x) = P.V. J ¢ B %

satisfles || v(x)[|r = O(R).

ProorF orF TuroreM: The proof of the theorem now follows the proof of
theorem 1 in [3], replacing lemmas 1, 2 and 3 of that paper with Lemma 1,
and Corollaries 2 and 1 of this paper respectively. We give the simple proof for
the case f = 0. For we 2, let v be given as in Corollary 2. It is easily established
that v(x) satisfies the equation P(D)v = w. Then by Lemma 1 and Corollary 2,
we have (w,u) = (v, Lu) = 0 for all w with W in & . Since these are dense, v must

vanish identically.
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